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CNl ■ Abstract 

In this article we prove weighted norm inequalities and pointwise estimates 
between the multilinear fractional integral operator and the multilinear fractional 
0^ , maximal. As a consequence of these estimations we obtain weighted weak and 

strong inequalities for the multilinear fractional integral operator. In particular, we 
extend some results given in [CPSS| to the multilinear context. On the other hand 
we prove weighted pointwise estimates between the multilinear fractional maximal 
operator A4 a ^B associated to a Young function B and the multilinear maximal 
operators M^p = M 0y1 p, ij)(t) = B^Mjtm/M. As an application of these 
estimate we obtain a direct proof of the LP — L q boundedness results of M. a ,B 
for the case B(t) = t and Bk(t) = t(l + log + t) k when 1/q = 1/p — a/n. We 
also give sufficient conditions on the weights involved in the boundedness results 
of M a ,B that generalizes those given in [M] for B{t) = t. Finally, we prove some 
boundedness results in Banach function spaces for a generalized version of the 
multilinear fractional maximal operator. 
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^ 1 Introduction and preliminaries 

O ! An important problem in Analysis is to control certain integral type operators by 

means of adequate maximal operators. This control is sometimes understood in the 
norm of the spaces where these operators act. For example, an interesting result due to 
Coifman ([C]) establishes that, if T is a Calderon-Zygmund integral operator, M is the 
Hardy-Littlewood maximal function and < p < oo, then the inequality 

\T(f)(x)\ p dx <C [ \Mf{x)\ p dx 

holds for some positive constant C. Thus, the maximal function M controls the singular 
integral in L p -norm and the boundedness properties of M in L p -spaces give the bound- 
edness properties of T. The weighted version for weights of inequality above is also 
true (see [CF] ). 
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For the fractional integral operator I a , < a < n, w G and < p < oo, Mucken- 
houpt and Wheeden ( [MW] ) proved the following control- type inequalities involving the 
fractional maximal operator M Q 

[ \I a (f)(x)\ p w(x) dx < C [ \M a f(x)\ p w(x)dx, 

and 

sup X q w({I a f > A}) < C sup X q w({M a f > A}), 

A>0 A>0 

where C depends on the Aoo-constant of w. Then, by the weighted boundedness results 
of M a , they obtained the corresponding weighted boundedness results for I a . 

Similar problems for other operators such that conmutators of singular and fractional 
integral operators, non linear commutators, potential operators, multilinear Calderon- 
Zygmund operators and multilinear fractional integrals, were studied by several authors 
(see for example [33], [ES], (FT], [CUF] . [HHP] . [CPSS] . jLOPTTj and P). Particularly, 
in [CPSS] , the authors obtain the boundedness of the fractional integral operator in term 
of the fractional maximal operator in weighted weak L 1 -spaces, and then, by the weighted 
weak boundedness of M a , they obtain weighted weak estimates for I a . 

Related to the control of commutators of singular and fractional integral operators 
appear the iterations of the Hardy- Littlewood maximal operator M and the composition 
of the fractional maximal operator with iterations of M. These types of maximal oper- 
ators were proved to be equivalent to certain maximal operators associated to a given 
Young function (see, for example |P4j . [P5j . [CUFj and [BHPJ). Then, the study of the 
boundedness properties of these particular maximal operators seem to be an important 
tool because they inclose information about the behaviour of the commutators that they 
control. 

In the multilinear context, there were an increasing interest in investigate how to 
control integral operators by maximal functions. In [GTj the authors proved that the 
multilinear Calderon-Zygmund operators are controled in ZAnorms by the product of 
m Hardy-Littlewood maximal operators and they asked themselves if this product is 
optimal in some sense. This problem is then solved in |LOPTT] . where the authors give 
a strictly smaller maximal operator and develop a corresponding weighted theory. 

Later, in [M], a complete study of the weighted boundedness properties for the mul- 
tilinear fractional integral operator is given, and the author proved that this operator is 
bounded in norm by the corresponding version of the fractional maximal operator which 
generalizes the maximal operator given in [LOPTT] . Again, the boundedness properties 
of the "maximal controller" gives the boundedness properties of the "controlled operator" . 

Pointwise estimates between operators are also of interest because they allow us to 
obtain boundedness properties of a given operator by means of the properties of others. 
For example, related to the fractional maximal operator and the Hardy-Littlewood max- 
imal operator a pointwise estimate is given in [CCUF]. Other known pointwise estimates 
between the fractional integral operator and maximal operators are due to Welland and 
Hedberg (see [W] and [H]). 

In this paper we give "control type results" for the multilinear fractional maximal 
and integral operators. These results involved pointwise estimates and norm estimates 
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between these operators, of the type described above. In particular, we extend some 
results given in [CPSSj to the multilinear context. On the other hand we introduce the 
multilinear fractional maximal operator M. a ,B associated to a Young function B and we 
prove weighted pointwise estimates between these operators and the multilinear maximal 
operators M.^ = A4o,i>, where ip is a given Young function that depends on B. As an 
application of these estimates we obtain a direct proof of the LP — L q boundedness results 
of M a ,B for the case B{t) = t and B k (t) = t(l + log + t) k when 1/q = 1/p — a/n. We also 
give sufficient conditions on the weights involved in the boundedness results of M. a ,B 
that generalizes those given in [M] for B(t) = t. The importance of a weighted theory 
for this maximal function is due to the fact that this operators are in intimate relation 
with the commutators of multisublinear fractional integral operators, as we shall see in 
a next paper. 

On the other hand, we study boundedness results in Banach function spaces for 
a generalized version of the multilinear fractional maximal operator involved certain 
essentially nondecreasing function (p. 

The paper is organized as follows. In section §|2] we statement the main results of this 
article. We also include some corollaries and different proofs of results proved in [MJ. 
The proof of the main results are in §HJ In §0 we give some auxiliary lemmas and finally, 
in £J5] we define a generalized version of the multilinear fractional maximal operator and 
we give some boundedness estimates in the setting of Banach function spaces. 

Before stating the main results of this article, we give some standard notation. 
Throughout this paper Q will denote a cube in M. n with sides parallel to the coordi- 
nate axes. With T> we will denote the family of dyadic cubes in W 1 . 

By a weight we understand a non negative measurable function. 

We say that a weight w satisfies a Reverse Holder's inequality with exponent s, 
RH(s), if there exists a positive constant C such that 



\Q\Jq ) ~ \Q\ 

By RH^ we mean the class of weights w such that the inequality 

C 

supw(x) < — - 

x&Q \Q\ 

holds for every Q C M n and some positive constant C. It is easy to check that RHoo C 

Now we summarize a few facts about Orlicz spaces. For more information see [KRJ 
or [RR]. 

We say that B : [0, oo) — > [0, oo) is a Young function if there exists a nontrivial, non- 
negative and increasing function b such that B(t) = f*b(s)ds. Then B is continuous, 
convex, increasing and satisfies -B(O) = and lim^ 00 i?(t) = oo. Moreover, it follows 
that B{t)/t is increasing. 



3 



Let B : [0, oo) — > [0, oo) be a Young function. The Orlicz space L B = L B (R n ) consists 
of all measurable functions / such that for some A > 0, 



B(\f\/X) < oo. 

The space L B is a Banach space endowed with the Luxemburg norm 
||/||B=||/lk,=inf{A>0: / B(\f\/X) < oo}. 
The 5-average of a function / over a cube Q is defined by 

||/|| B , Q = inf{A > : J B(\f\/X) < 1}. 

When fl(t)=t, ||/|| BiQ = ^/ Q |/|. 

We shall say that B is doubling if there exists a positive constant C such that B(2t) < 
CB(t) for every t > 0. Each Young function has an associated complementary Young 
function B satisfying 

t < B _1 (t)5 _1 (t) < 2t, 
for all t > 0. There is a generalization of Holder's inequality 

(1-1) / \f9\ < \\f\\B, Q \\9\\B,Q- 

A further generalization of Holder's inequality (see [O]) is the following: If A, B and 
C are Young functions such that 

A-\t)B-\t) < C-\t), 

then 

\\fg\\e,Q<2\\f\\ A , Q \\g\\ B , Q . 

(1.2) Definition: Let < a < nm and f = (/i, . . . , f m ). We define the multilineal 
fractional maximal operator M. a B associated to a Young function B by 

m 

(1-3) M a , B f(x) =sup|g|^ B ni|/ i || fllQ 

QBx . =1 

where the supremum is taken over all cubes Q containing x. 

Even though M. a ^B is sublinear in each entry, we shall refer to it as the multilineal 
fractional maximal operator. 

For a = we denote -Mo,b — Mb- When B(t) = t, M. a = M. a ,B is the multilinear 
fractional maximal operator defined in [M] by 



'M) Mj(x)=su P \Q\^f[-}- f \U 

Q3x i=\ I I Q 



Ado — M is the multilinear maximal operator defined in |LUPTT] . When m = 1 we 
write M and M a to denote the Hardy-Littlewood and the fractional maximal operators 
defined, for a locally integrable function / and < a < n, by 

(1-5) Mf(x) = sup / \f(y)\dy 

and 

(1-6) MJ{x) = sup J \f(y)\ dy 

respectively. 

If we take g = 1 in inequality (11.11) it follows that for every Young function B, every 
a such that < a < nm, the inequality 

M a (f)(x) < M a , B (f)(x) 

holds for every x G M n . 

The following class of weights was introduced in |LOPTT] and is a generalization of 
the Muckenhoupt A p classes, p > 1. We use the notation P = (p%, . . . ,p m )- 

(1.7) Definition: Let 1 < pi < oo for z = 1, . . . , m, - = — • F° r ea °h i = 1, ■ ■ ■ ,m 

let Wi be a weight and w = (wi, . . . , w m ). We say that w satisfies the Ap condition if 

(L8) ■y(igri@- { * , )) , *S(^/^r«- 

When pi = I, ^i^i /q^ 1 Pi j is understood as (infgWj) -1 . 
Condition (11.81) is called the multilinear Ap condition. 



2 Statement of the main results 

In this section we establish the main results of this article. For a sake of completeness 
we consider subsections. 

Pointwise estimates for M. a ^B 

For < a < nm let B be a Young function such that t^B~ l {t l ~^) < Let 
ijj be the function defined by ^(t) = £(tW(™0) From lemma O bellow, V 
is a Young function. The following result gives a pointwise estimate between the multi- 
linear fractional maximal associated to the Young function B, Ai a ,B and the multilineal 
maximal operator M.^ associated to the Young function ?/>, and is an useful tool to obtain 
boundedness results for Ai a ,B- 
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(2.1) Lemma: Let < a < nm. Let B be a Young function such that 

(2.2) t^B-^t 1 -^) < B-\t) 

and ip{t) = B{t l - a l^) nm ^ nm - a \ 

For each i = 1, . . . , m, let Pi, qi and be the real numbers dehned, respectively, by 
1 < Pi < nm/a, — = — — ^ and Sj = (1 — a/(nm))qi and p, q and s be the real 
numbers given by ± = YT =1 j-, l q = YT=i J and 1 = XXi J- Let w i> • • • > w ™ he m 
weights. If f w = (h/im, f m /w m ) and g = (/f /si < 9l/S \ • • • , /£ m/s "W m/Sm ) then 



;2.3) M a , B f w (x) < M0(xy- a / (nm ^ n uw^ 



(2.4) Remark: When B(t) = t we have that tp(t) = t. Then, from inequality (12.31) . we 
get the following pointwise estimate between the multilinear fractional maximal operator 
M. a and the multilineal maximal operator M. 



in 



(2.5) Mj w {x) < Mg(x) 1 -^ ]J H/<Hk 



v i=l 



In the case m = 1 the result above was obtained in |GPS] . 

(2.6) Remark: For < a < nm and k e N let B^ be the Young function defined by 
B k (t) = t(l + \og + t) k . Then B k satisfies Let ^ fc (t) = 5 fe (£i-«/(«™))W(™n-a) 
t(l + log + t} knm /( nm - a ) _ From the lemma above we get the following pointwise estimate 

/ rra 

(2.7) ^ Q , i( io g L)^;^) < ^ i(logi) ^9» i_a/H ( n ll/'H« 



v i=l 



Weighted boundedness results for A4 a ,B 

As an easy consequence of inequality (12.51) and the weighted boundedness results 
for the multilinear maximal operator M. proved in |LUPTT] we obtain a direct proof 
of the weighted weak and strong boundedness of the multilinear fractional maximal 
operator M. a proved in [Mj, when p and q satisfy 1/q — l/p — a/n and 1 < pi < nm/a, 
i = 1, . . . , m. Actually, in (Mj the author proves that the conditions on the weights are 
also necessary (see theorems 2.7 and 3.6 in [M] applied to this case). These results are 
given in the following two theorems. 
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(2.8) Theorem: Let < a < nm and let p^ and q be defined as in lemma \2.1\ Let 
f=(fiT--Jm),If 0, w) satisfy 




then 

m 

\\M a f\\ Lq ,^ iu) < CY[\\fiWi\\w 

i=i 



(2.10) Theorem: Let < a < nm and let 1 < Pi < nm/a and qi, Sj, p, q, and s be 
defined as in lemma \2.1[ Let w q = (w 91 , . . . , w^). If f = (fi, . . . , f m ), S = (s 1; . . . , s m ) 
and w q G Ag, then 

m 

\\Mj{U? =lWl )\\ Lq <C\[ \\f iWi \\ L n. 

i=l 

(2.11) Remark: It is easy to check that w q £ Ag if and only if w = (wi, . . . ,w m ) 
belongs to the Ap classes introduced in [M]. This equivalence is a generalization to 
the multilinear case of that proved by Muckenhoupt and Wheeden in the linear case, 
which establishes that a weight w £ A p>q if and only if w q £ A s with 1 < p < n/a, 
1/q = 1/p — a/n and s — 1 + q/p' ■ For more details see [MW] . 

The following corollary is a consequence of theorem 12.81 applied to the weights u = 
YYiLiuf q * and Wi = M(Mj) 1//|? % where M is the Hardy-Littlewood maximal operator. 

(2.12) Corollary: Let < a < nm and let p i; q i; Si, p, q, and s be defined as in lemma 
\M Let f = (A, . . . , f m ) and u = UT=i then 

in 

\\Mj\\ L ,,oo (u) < C]] UMiu^Wm. 

i=l 

From the weak and strong characterizations obtained in [M, Theorems 2.7 and 2.8] 
applied to the case p = q, we obtain the following result. 

(2.13) Theorem: Suppose that < a < nm, 1 < Pi, ■ ■ ■ ,p m < mn/a and - = YlT=i ~- 
Let u = YlZi < ln and v = UT=i v\ ln ■ Then 

m 

\\M a f\\ L P<°°( u ) < C JJ \\fi\\Ln{M ctp . /m (u i )), 

1=1 

and 

m 

i/m(Vi)\\LPi, 

i=l 

where M ap ./ m denotes the fractional maximal operator defined in (IJ.6'0 with a replaced 
by api/m. 
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The proof of the first inequality above follows from the fact that the weights u and 
Wi = M api / m (ui) satisfy the condition on the weights in [M, Theorem 2.7]. On the other 
hand, the weights v and u>, = M api / m {vi) 1 ^ Pi satisfy the hypotheses in [M, Theorem 2.8] 
and thus we obtain the second inequality. 

Before state the next result, we introduce the following class of Young functions 
related to the boundedness of the sublinear maximal Mb between Lebesgue spaces. For 
more information see [Plj . 

(2.14) Definition: Let 1 < r < oo. A Young function B is said to satisfy the B r 
condition if for some constant c > 0, 

f°° Bit) dt 
/ — ^ — < oo. 
Jc t r t 



(2.15) Theorem: Let < a < nm, 1 < pi < oo, i = 1, . . . ,m, - — YliLi j:- Let q be 
a real number such that 1/m < p < q < oo. Let B, Ai, and Ci, i — 1, . . . , m, be Young 
functions such that A^ 1 (t)C^ 1 (t) < B~ l (t), t > and Ci is doubling and satisfies the 
B Pi condition for every i = 1, . . . , m. Let (u, w) weights that satisfy 

/i r \ 1/9 m 

(2-16) sup \Q\«/"+V«-V*> J] IK'h.Q < oo 

then 

m 

\\M 

i=l 

holds for every f G L Pl (w p l 1 ) x . . . L Pm (w p ^ 1 ). 

(2.17) Remark: The linear case of theorem above was proved in |CUF] , and in [CUP] 
for the case a = and p = q. For B(t) = t, theorem 12.151 gives two weighted results 
proved in [M] for the multilineal fractional maximal operator M. a . The first one ([M, 
Theorem 2.8]) is obtained by considering Aj = t rp 'i and Ci = t^ rp '^' for some r > 1 and 
the second ([M, Theorem 2.10]) is obtained by taking Ai = t Pi {l + log + t) Pi ~ 1+s and 

As a consequence of theorem 12.151 and the pointwise estimate given in (12.71) . we obtain 
the following result about the boundedness of Ai a ,B k for multilinear weights in the Ag 
class defined above, where S = (si, . . . , s m ) and Bkif) = t{l + \og + t) k . In the proof, we 
also use the pointwise estimate given in (12. 7ft . 

(2.18) Corollary: Let < a < nm and letpi, p, qi, q, Sj and s be defined as in lema \2.1l 
For each k e N let B k (t) = t(l + log + t) k . Let wi = (w\\ wfr). If f = (/i, . . . , f m ) 
and S = (si, . . . , s m ) then the inequality 

m 

\\M a ,B h f(U^ 1 w i )\\ Lq < CY[\\fiWi\\ L Pi 

i=l 
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holds for every f if and only if w q satisfies the As condition. 



Weighted weak type inequalities for the multilinear fractional integral operator 

In this section we obtain weighted estimates for the multilinear fractional maximal 
and integral operator. 

The following definition of the multilinear fractional integral operator was considered 
by several authors (see, for example, [G], [KS] . [GK] and JM]). 

(2.19) Definition: Let < a < nm and f = . . . , f m ). The multilinear fractional 
integral is dehned by 



Particularly, we study weighted weak type inequalities for the multilinear fractional 
maximal and integral operator. For the first one we obtain the following result. 



(2.20) Theorem: Let < a < nm, w = (wi, . . . , w m ) and u = nili w ]^ m - Then 
u{{x G R n : Mj{x) > \ m }) m < C f[ I M M a/mWi , 



where M a / m denotes the fractional maximal operator of order a/m defined in (11.61) . 

The case a = of theorem above was proved in [LUPTT] . For m = 1 this is a well 
known result proved in |FSj . 

In |CPSS] the authors considered the problem of find weights W such that 



for a given weight w, for every A > and for suitable functions /. Particularly, they 
obtain that the weight W = M a (M L (i ogL yw), 5 > 0, works. Motivated from the lin- 
ear case, we study an analogous problem in the multilinear context and we obtain the 
following result. 




where the integral in convergent if f G S x • • ■ x S. 





(2.21) Theorem: Let < a < nm, 5 > and u = YULi wl J m ■ Then 




in 



(2.22) 



and, in particular 




in 
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The result above is an immediate consequence of the next theorem. 
(2.23) Theorem: Let < a < nm, 5 > and let u be a weight. Then 

II^q/|Il 1 /'™,oo(„) < C||A< a[ /|| i l/m, DO ( Af ( u )). 

Then, the proof of (12. 22ft follows by observing that 

m m 

M L(logL) s(u) = M L(logL) ,(J]^ 1/m ) < n M ^(io g ^K) i/m > 

8=1 8=1 

which is a consequence of the generalized Holder's inequality in Orlicz spaces. Then, an 
application of theorem 12.201 gives the desired result. 



Recall that a weight v satisfies the RHoo condition if there exists a positive constant 
C such that the inequality 

C f 
supv(x) < — I V 

x&Q M Jq 

holds for every Q <zM. n . 

(2.24) Lemma: Let < a < nm. Let v be a weight satisfying the RH^ condition. 
Then, there exists a positive constant C such that, ifu = fl™ i wl J m an d f = (A, • • • , fm), 



T a f(x)u(x)v(x)dx < C / A4 a f(x)Mu(x)v(x) dx, 

where M is the Hardy-Littlewood maximal function defined in (\1.5\i . 

The following theorem establish some kind of control of the multilinear fractional 
integral operator by the multilinear fractional maximal in L p , < p < 1. 

(2.25) Theorem: Let < p < 1 and let u be a weight. Then 

[ \l a f{x)\ p u{x)dx <C [ \M a f{x)\ p Mu{x)dx. 

In the linear case, lemma [2.241 and theorem 12.251 were proved in [CPSS], 

Pointwise estimates between X a and M. a 

A pointwise estimate relating both, the multilinear fractional and maximal operators 
is given in the next result. 
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(2.26) Theorem: (Welland's type inequality) Let < a < nm and < e < 

min{a, nm — a}. Then, if f = (fi, ■ ■ ■ , f m ) where fa's are bounded functions with 
compact support, then 

\Z*f'{x)\ < C (M a+e f(x)M a -J(x) ' 



where C only depends on n, m, a and e. 

In [M], the author proves the following result. 



(2.27) Theorem: [M, theorem 2.2] Suppose that < a < nm, 1 < p±, . . . ,p m < oo 
and q is a number that satisfies 1/m < p < q < oo. Suppose that one of the two following 
conditions holds. 

(i) q > 1 and (v, w) are weights that satisfy 

/ i r \ V(qr) rn , „ v l/(p'. r ) 



for some r > 1 . 

(ii) q < 1 and (i/, w) are weights that satisfy 



for some r > 1 . 
Then the inequality 



\\Tjv\\ q <C\[U 



i=l 



holds for every f e L pi (w pi ) x ... L Pm (w^). 

A direct proof of theorem above for the case q > 1 can be given combining theo- 
rem [2^26] with theorem 12.151 applied to the case Aj(t) = f Pi , and proceeding as in the 
corresponding result in [GCM] (theorem 6.5). 



3 Auxiliary results 

In this section we give some technical lemmas used in the proof of the main results 
in this paper. 

(3.1) Lemma: Let B be a Young function and < 7 < 1. Then ip(t) = Bit 1 ) 1 /" 1 is a 
Young function. 
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Proof. It is enough to prove that there exists a nontrivial, non-negative and increasing 

/ \ (1/7)- 1 

function g such that ip(t) = J* g(s) ds. This function g is given by g(s) = 6(s 7 ) ( ^ ) ; 

where b is a non-negative and increasing function such that B(t) = J* b(s)ds. The func- 
tion g has the desired properties. □ 

The next lemma establishes the relation between the dyadic a non-dyadic multilin- 
ear fractional maximal operators. Let M^b be defined as Ai a ,B but over cubes with 
side length less or equal than 2 k , Qk = Q(0,2 k+2 ), r t g(x) = g(x — t) and r t (f) = 

(r t fl, • • • ,Ttf m ). 

(3.2) Lemma: For each k, f and every x e R™ and < q < 00, there exists a constant 
C , depending only on n, m, a and q such that 

(3.3) A< B (/>) 9 < |£| -/ {T_ t oMi B or t ){f){xfdt 

For the linear case and a = this result was proved by Fefferman and Stein in [FS] 
and can be also found in |GCRF] . In the multilinear context and a = the result above 
is given in |LOPTT] . and for B(t) = t and a > 0, in [MJ. The proof of lemma I3T21 is an 
easy modification of any of the mentioned results and we omit it. 

In order to prove theorem 12.231 we need the following results. The first of them was 
proved in [M] for the multilinear integral operator. For the linear proof can be 

found in 



(3.4) Lemma: [M] Let g and f\, i = l,...,m be positive functions with compact 
support and let u be a weight. Then there exists a family of dyadic cubes {Qk,j} an d a 
family of pairwise disjoint subsets {E^j}, E^j C Qkj with 

\Qk,j\ ^ C\E k j\ 

for some positive constant C and for every k, j and such that 

(3.5) / lj(x)u(x)g(x)dx < cY^\Q K3 f n [ — — f u(x)g(x)dx 

h „■ \ Nk,j\ jQ k j 



The following lemma was proved in |CNj and gives examples of weights in the RHoo 
class. 

(3.6) Lemma: Let g be any function such that Mg is finite a.e.. Then (Mg)~ a e RH^, 
a > 0. 
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4 Proofs 

Proof of lemma \2.1\ 

The proof is based in some ideas from lemma 2.8 in [GPSj . Let be a function such 
that <7>f = /f . Then /»/«;, = g^wf'^ 1 = J< ' l /ft+«/H-i 9 WM^/«-i) i Let 
r = nm/(nm — a) and r' = nm/a. If s and Sj are defined as in the hypotheses of the 
theorem we get 

(4.1) f--lV=f--ll — 

and 



Pi J \Pi J a 



4.2) - + 1 )r' = - + 1 

j?i ram / \j?i ram J a 



I a; \ gi a ^ ram 



ram/ pi nm J a 
nm 



l--?L)(*-i 
ram/ \pj y a 



1 U 

nm/ 

= Si 

Let B and ?/> be the functions in the hypotheses of the theorem. From lemma 13.11 if) 
is a Young function. Let (f)(t) = B(t) nm '( nm ~ a > . Then, by the properties of the function 
B we obtain 

cf)- 1 {t)t a/nm < CB-^t). 
By applying Holder's inequality, and using (14. ip and (14.21) we obtain that 



B,Q 



II l~a/nm Si/pi+a/nm-l qi/pi-1 n 
- \\9i 9i U>i \\B,Q 

<- ll„ 1 ~ 0! / nm ll \\ ri s i/Pi+ a / nm - 1 n ,,gi/Pi- 1 \\ 

\ \\ n \\l-a/nmu n u api /nm 
\Q\a/nm WU^HiQ N^Npi 

v. u j .1 . ii 1— a/nmu n i|l-a/nm mr 

where we have used that || g i \\<j>,Q = \\9i IL q • Ihen 



^|l-a/(nm) || ^ ||a Pi /(nm) 

i=l i=l 



iGr /n IIii/'Mii^ ^ niiftiii^^IIii/'C 

a/ (nm) 



\i=i 

and inequality (I2.3P follows by taking supremum over the cubes Q in M n . □ 
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Proof of theorem \2.£\ We use the same notation as in the proof of lemma 12. 11 Thus, it 
is enough to prove that 

m 

\\M. a fw\\Li,°°{u) < WfaWpn 

8=1 

and then replace fa by faw^. 

From the hypotheses on the weights and raising the quantity in (12.91) to the power 
1 — a/(nm) we obtain that 



n ' ' - 



supi W\J Q u ) i{lM ,tt '" 1 <0 ° 



1 f \ ' Vr / i 



* < OO 



o, equivalently 

By inequality (12. 5p and from (14. 3 p and the weighted weak boundedness result for M. 
proved in |LOPT T] we obtain that 

/ m \ a / nm 

(4.4) \\M a f w \\L^ { u) < cmurA ii^iii:^ 

a/nm / m \ I— a/nm 



< c n»/« nil* 



n\\L s i (w] % ) 

K i=l / \i=l 

(m \ a / nm / m \ 

nii/'id (nii/'ii^ 

m 



cnii/* 



i=l 



where we have used that pia/(nm) + (pj/sj)(l — a/(nm)) = 1. Thus the proof is done. 
□ 

Proof of theorem \2.1(k Let z/ = n^=i u 'i- As m the proof above , it is enough to show 
that 



\\M a Up\\ q <C\[\\fa\\ pv 



but this inequality can be obtained in a similar way to that in (14. 4p by replacing 
||A^5f||i,«,oo( u ) by ||A^5f||z,a(^9) and then using the weighted strong boundedness result 
proved in jLUPTTj . □ 

Proof of theorem \2.15\ We first consider the dyadic version Jv[ d a B de M. a ,B defined by 

m 

M d a>B = sup |g|^ B nii/ 4 |ko. 

14 



where T> denotes the set of dyadic cubes in R n . Let a be a constant satisfying a > 2 mn 
and for each k let 

n k = {x eR n : M d QtB (f)(x) > A- 

It is easy to see that an analogue of the Calderon Zygmund decomposition in Orlicz spaces 
holds for A4°[ B and, therefore there is a family of maximal non-overlapping dyadic cubes 
{Qj,k} such that Q k = ^jQj,k and 

m 

a k <\Q hk \ a/n \{U\\B,Q Kj <r m a k . 
i=i 

Moreover, each Q k+ i C fi fe and the sets E k j = Q k j\(Q k jr\fl k +i) are disjoint and satisfy 
(4.5) \Q k J < (3\E kd \ 

for some (3 > 1. Then, by the generalized Holder's inequality and condition (I2.16P we 
obtain 

/ A< B (/>* = £ / M d a>B (f) q v 9 
Jr« k Ju k \u h+1 

< a q ^2a kq v q {n k ) 

k 

< a«J2* kq v q (Qk tj ) 

/ m \ 1 

(m \ 1 / m \ 

iQ fc ,ir /n n ii/^ii^j n ii^ni.ow ^Wiw) 
i=l / \i=l / 

(m \ « 

Illl/i^lkow l^l 9/p - 
i=i / 

Now, from the fact that p < q and using (|4.5j) . the multilinear Holder's inequality and 
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the hypotheses on Cj we obtain that 



i/ q / / n, \p \ Vp 



fc,j \i=i 

V fcj \i=l / 

4 i/Pi 

i=l \ fcj 

m / r \ 1 /Pi 

i=i V^m" 

< Illl/twilllw- 



1=1 



To prove the non-dyadic case we use lemma 13.21 Thus, from (13.31) it follows that 
(4-6) \\M a , B (f) v\U < sup ||r_i o M d a , B ° HI?- 

i 

If the weights w) satisfy condition ( 12. 16ft . then the weights (Tt(u),T t w) satisfy the 
same condition with constant independent of t. Then, applying the dyadic case, we 
obtain 

W(r- t oMi B of t )(f)u\\ q = \\(M d a , B o r t ){f)r t v\\ q 

rn 

r tWi\\ Pl 

1=1 

m 



with C independent of t. Then, from (14.61) we obtain that 



1=1 



Proof of corollary 1 2. 181 We begin by proving the case a = 0. If w p G Ap then we have 
that w Pl<yl = w { Pi G A mp i_ (see |LQPTTj ). Then, for each i = 1, . . . ,m there exist 
Si > 1 such that w t Pi satisfies a reverse Holder inequality with exponent Sj. Let Ai(t) = 
t s ' p * and C itk (t) = (t(l + \og + t) k ) (sw7 . Then we have that A^^C^it) = B k \t) and 
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Ci t k £ B Pi . Thus, since w p G Ap we obtain 

/ 1 /• \ VP m / i /• \ l/P m / i r ,\V( s iPi) 

nn^iu,, < n \ \q\ S Q w ^ s ) 



\\\Q\ 

VP m / 1 /• A V(P-) 



\\\Q\ 

< c. 

Then by theorem 12.151 applied to the case a = and p = q we obtain that 



|^B fc (/5(n£itf<)ll^<li ll/^lk- 



i=l 



— * — * 

The other implication is a consequence of the inequality Ai(f) < M.B k {f) and the 
boundedness results proved in [LO PTT] for the multilinear maximal operator Ai. 

Now we prove the case a > 0. Let us first suppose that w q G Ag. It is enough to 
show that the following inequality 

m 

(4.7) \\M a ,B k {f w w? =lWi )\w < n U\K- 

holds for every / = (fx, . . . , f m ). 

In order to prove (S2D we use inequality (EZj). Let ip k (t) = t(l + log + t) knm ^ nm - a \ 
Then, from the case a = we obtain that 

(m 
tl\\fi\\m 



* c ii^ i(logi) ^^( n ^f)ii^(nii^ 



nm 



v i=l 

m 



< c\\m ^ ]+ Ag)m,x< ls )\\t II «/• 

L(logL)L" m -"J 1 - LJ - 



v i=l 



,1=1 



= ^II^b_ 1+l (^)(nr=i^ /s )||^ ( n II/. 

[ n m — a J 

/ m \ / m 

< c niw /s ii^ nil/ 



I nm 



v i=l / \i=l 



where in the last inequality we have used the fact that w q G Ag. We observe now that 

II^ /S ||l4 = Wfifp/ 91 = \\Mk™ and inequality g2J) follows immediately 

The other implication is a consequence of the inequality M. a {l) < M-a,B{j) and the 
boundedness result proved in [Mj.D 
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Proof of theorem \2.2U : Let Q\ = {x G M n : M. a f{x) > X m }. By homogeneity we may 
assume that A = 1. Let K be a compact set contained in Q\. Since if is a compact set 
and using Vitali's covering lemma we obtain a finite family of disjoint cubes {Qj} for 
which 



(4.8) 



m , 

i=1 IVjl </Q, 



and K C Uj3Qj. Notice that, by Holder's inequality we have that < [T^i ( "toj^ 
Then by (14. 81) and Holder's inequality at discrete level we obtain that 

u{kt < c(j2^\Q 



1/m 



3 ' ' Jl 



' 1 - 1 q/ (nm) x 



< 



|3Q |a/(nro) 



-11:11 r% / ! (/j/. 



i »=i 



5.71 

1/m / \ l/m> m 



rn „ 

< cTT / |/i|M Q 



and the proof concludes. □ 

Proof of theorem \ 2.231 Let p > 1 to be chosen later. Thus, since L p '°° and Z/'' 1 are 
associate spaces, we have that 

l|X a /1i(tl M = ll(^/) 1/(pm) IU-( u )= sup / (ijf/^gu. 



By theorem 12.251 we obtain that 



{Xj) l ^gu< I {M a f) 1 '^M{gu)= I {M a f) x ^ \^ 9U \ M L n ogL) s(u) 



M L(log L)H M J 



for 5 > 0. 

By applying Holder's inequality in Lorentz spaces we obtain that 

M{gu) 



I (ijy/^gu < \\{Mj) l ^ m ^\ L ^ { M L{losL)6{u)) 



M. 



L(logL)H M ) 



LP 
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Now we proceed as in the linear case (see [CPSSj ) by taking p — 1 + 5 — 2e with 
< 2e < 5 which allows us to obtain that 



M{gu) 



M 



L(logL)H M ) 



LP' ^(M (log L) s (u)) 



< C||S , IIlp'.1(„ 



(«) 



and taking supremum over ||<?|| iP ',i( u ) < 1. □ 



Proof of lemma 2.24 From inequality (I3.5P with g replaced by v and the RH^ condition 
on v we obtain that 



X a f{x)u{x)v{x)dx 



<cJ2\Qkj\ a/n 

k,j 



sup V 



<Cj2\Q k J a/n [ u(f[(-^- [ f 



Since v G and by the properties of the sets E k j we obtain that 

X a f(x)u(x)v(x)dx 

<CJ2 I M a f{x)Mu{x) v(x) dx 



fi v{E kJ ) 



k,j J ak >i 

<C I M a f{x)Mu{x)v(x)dx.D 



Proof of theorem \2.25\ We proceed as in the linear case (see [CPSSj ). We use the duality 
for L p spaces for p < 1: if / > 



p = inf{/w 1 : \\u l \\ pl 



i} = //.- 



for some u > such that ||w l \\ p i = 1, with p' = < 0. This follows from the following 
reverse Holder's inequality, which is a consequence of the Holder's inequality, 



(4.9) 



/ fg>\\f\\ P \\9\\ P '- 
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We choose a nonnegative function g such that \\g = 1, and such that 

\\M a f\\ L P(Mu) = J M a f —. 

Let 5 > 0. By Lebesgue differentiation theorem we get 



\\M a f\\ L p{Mu) > j ' M a f 



Mu 



where M$(g) = M(g <5 ) 1//<5 . Then applying lemmas 12.241 and 13.61 to the weight Mg(g) 1 
and the reverse Holder's inequality (I4.9p . we obtain that 

\\Mj\\ LHMu) > J X Jj^ > \\lJ\\L P{ u)\\M s {g)- l \\ Lpl{u) , 

and everything is reduced to proved 

WMsig^WLp'iu) > h^WLp'iMu) = !■ 

Now, the proof follows as in the linear case (see |CPSSj ). Since p' < 0, this is equivalent 
to prove that 

' M s (g)- p \x)u{x) dx < C [ g- p ' (x)Mu{x) dx. 



By choosing 5 such that < 5 < y^, we have that —p'/S > 1 and the above inequality 
follows from the classical weighted norm inequality of Fefferman- Stein (see |FSJ). □ 

Proof of theorem \2.26i Let s be a positive number. We split I Q as follows 

U f( x )\ < f UT=i\^)\ diJ f lXi 1/^)1 m 

= h + h. 

Let us first estimate I\. Thus, if Qk is a cube centered at x with side length 2~ k s, 
fcGNU {0}, we obtain 



h = £ 



fc=0 

oo 



2-*-is<E^ 1 \x- Vl \<2^s (TZl \ X ~ Vi\) mn a 
1 f ( m \ 

^ c E t^w^ L m , , . n \Mvi)\) d y 

k=0 K z s ) ■/E£il*-wl<2-*« \i=i / 

oo m p 

£ c £<^lW* l/i( * )ld * 

°° 1 (2~ k s) a ~ e m 1 f 
< Cs e M a -J(x). 
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Now, we proceed to estimate 12- Let be the cube centered at x with side length 2 k s. 
Then we obtain 



k 

oo 



^*-> /» fill. 

fc=0 v s ) l=l m+ii m +1 

< C-M a+ J(x). 
s e 

Collecting both estimates we obtain 

Tj{x) < C (s e M a - e f(x) + S-'Ma+eftx)} , 

for any s > 0. Then, to complete the proof, we just have to minimize the expression 
above in the variable s. □ 



5 Banach function spaces 

We introduce now some basic facts about the theory of Banach function spaces. For 
more information about these spaces we refer the reader to [BSJ. 

Let X be a Banach function space over M. n with respect to the Lebesgue measure. X 
has an associate Banach function space X' for which the generalized Holder inequality, 



\f{x)g{x)\dx<\\f\\ x \\g\\ 



X' 



holds. Examples of Banach functions spaces are given by the Lebesgue LP spaces, Lorentz 
spaces and Orlicz spaces. The Orlicz spaces are one of the most relevant Banach function 
spaces, and a brief description was given in section £{H 

Given any measurable function / e X and a cube Q C K n , we define the X average 
of / over Q to be 

\\f\\x,Q = \\$l(Q)(fXQ)\\x, 

where S a f(x) = /(ax) for a > and xa denotes the characteristic function of the set A. 
In particular, when X = L r , r > 1, we have that 



x.c 



W\ I I'M' 



l/r 
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and if X = L , the Orlicz space associated to a Young function B, then 



X,Q — \\J \\B,Q- 

For a given Banach function space X, we associate the following maximal operator 
defined for each locally integrable function / by 



M x f(x) = sup \\j \\ x ,t 

If Yi, . . . , Y m are Banach function spaces, the multilinear version of the maximal function 
above is given by 



Myf(x) = SUpJJU/iH^g. 



BX i=l 



Let 1 < Pi,...,p m < 00 an d suppose that M Yi : L Pi — > L Pi . From the fact that 
Ai Y f(x) < nili M Yl fi(x) and applying Holder's inequality we obtain that 



My : L pl (R n ) x • • ■ x L Pm (M n ) -> L p (R n ). 

We define now the multilinear maximal operator associate to certain function (p that 
generalizes the multilinear fractional maximal operator Ai a . We shall assume that the 
function ip : (0, 00) — > (0, 00) is essentially nondecreasing, that is, there exists a positive 
constant p such that, if t < s then ip(t) < p<p(s). We shall also suppose that lim^oo = 
0. The linear case of the operator below was study in [P3j . 

(5.1) Definition: Let f = (f\, . . . , f m ). The multilinear maximal operator A4 V associ- 
ated to the function ip is defined by 



Mj(x)=Bov<p{\Q\)f[±- [ U 
Qix ~_i V Jo 



i\Q\ 

When m = 1 we simply write Ai v = M^. 

The following result is a generalized version of theorem 12. 151 when B(t) = t. The case 
m = 1 was proved in [P3j . 



(5.2) Theorem: Let 1/m < p < q < 00, 1 < pi < 00, i = 1, . . . , m, 1/p = Y^aLi ^lv%- 
Let (p be a function as in definition A5.1\) . Let Yi, i = 1, . . . ,m, be m Banach function 
spaces such that M.y' '■ L Pi — > L Pi . Suppose that u, Wi, . . . , w m are weights such that, for 
some positive constant C and for every cube Q 

(5.3) V (\Q\)\Q\ 1/q - l/p ^ j Q V q ) IIlk^lkQ < C 
Then 

m 

(5-4) \\Mju\\ q <C\{U 

i=i 

holds for every f 6 L Pl (w Pl ) x ■ • • x L Pm (w p x i ). 
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When <p(t) = t a / n and Yi — L A ., i = l,... , m are the Orlicz spaces associated to the 
Young functions A+, then we obtain theorem 12. 151 for the case B(t) = t. 

The proof of theorem 15.21 follows similar arguments to those in the proof of theorem 
12.151 The main tools used are an analogue of the Calderon-Zygmund decomposition 
for Aip adapted to the essentially nondecreasing function (p, the generalized Holder's 
inequality and the boundedness of M.y in the right places. 



(5.5) Corollary: Let l/m < p < oo, 1 < Pi < oo, i — 1, . . . , m, 1/p = YlT=i 1/W Let 
if be a function as in definition ( 15. Jj) . Then 

(i) There exists a positive constant C such that, for every f = (fx, ... , f m ), and every 
positive functions Ui 

/ r \ 1/P m / r \ !/Pi 

\Jm. n J i=1 vr» / 

(ii) If Si > — 1, tiiere exists a positive constant C such that, for every f = (fi, . . . , f m ), 
and every positive functions 

(I ^ W(?)m^ ) c n (1 i/-wr 4) 1/B ■ 

The proof of (i) follows by applying theorem 15.21 to the weights v = Il^! =l u 1 J p \ Wi = 
M^iuif'^ and ^ = L p » r , 1 < r < oo. 

To prove (ii) we apply theorem 15.21 to the weights v = \T^ l M vP s i [u s i i ){y) 1 ^ PiSi \ W{ = 
U ; 1/Pi and Yi = L p 'i ri , r< = { Pt - 1)*. 
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